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Abstract-In  this  review  we  attempt  to  present  a  unified  approach  to  the  study  of  transport 
phenomena  in multicomponent  anisotropic  space plasmas.  In particular,  a  system  of  generalized 
transport equations is presented that can be applied to widely different plasma flow conditions. The 
generalized transport equations can describe subsonic and supersonic flows, collision-dominated and 
collisionless  flows, plasma flows in rapidly changing magnetic field configurations,  multicomponent 
plasma flows with large temperature differences between the interacting  species and plasma  flows 
that contain anisotropic temperature distributions. In addition, if  Maxwell’s equations of  electricity 
and  magnetism  are  added  to  the  system  of  transport  equations,  they  can  be  used  to  model 
electrostatic shocks, double layers, and magnetic merging processes.  These transport equations also 
contain terms which act to regulate both the heat flow and temperature anisotropy, processes which 
appear to be operating in the solar wind. Also, we show that with the appropriate assumptions, the 
system of  generalized transport equations reduces to each of  the other major systems of  transport 
equations for anisotropic plasmas that have been derived to date. 
NOMENCLATURE 
Larmor radius of  species  s 
Magnetic field 
Speed of  light 
Random velocity 
Electric field 
Orthogonal set of unit vectors with e3 parallel to the magnetic field 
Particle charge 
Distribution function 
Maxwellian distribution function 
Bi-Maxwellian distribution function 
Relative velocity of  the colliding particles 
Unit diadic 
Boltzmann’s constant 
Scale length 
Parallel scale length 
Perpendicular scale length 
Particle mass 
The number density 
Pressure tensor 
13-moment pressure tensor 
Pressure 
13-moment pressure 
Parallel pressure 
Perpendicular pressure 
Heat flow tensor 
Heat flow vector 
13-moment heat flow vector 
Heat flow vector for parallel energy 
Heat flow vector for perpendicular energy 
Higher-order pressure tensor 
Position vector 
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Time constant 
Parallel temperature 
Perpendicular temperature 
Time 
Bulk drift velocity 
E  x B  drift velocity 
Particle velocity 
Non-dimensional impact parameter 
Thermal speed 
The gamma function 
Relative drift between species 
Scattering angle 
Higher-order pressure tensor related to parallel energy 
Higher-order pressure tensor related to perpendicular energy 
Reduced mass 
Collision frequency 
Mass density 
Differential scattering cross section 
Stress tmsor 
13-moment stress tensor 
Scattering angle 
Solid angle in the  s particle reference frame 
Cyclotron frequency 
Time derivative 
Convective derivative 
Coordinate space gradient 
Velocity space gradient 
Rate of  change of  momentum as a result of  collisions 
Rate of  change of  13-moment momentum as a result of  collisions 
Rate of  change of  parallel energy as a result of  collisions 
Rate of change of  perpendicular energy as a result of  collisions 
Rate of  change of  13-moment energy as a result of collisions 
Rate of change of  stress tensor as a result of  collisions 
Rate of change of  13-moment stress tensor as a result of  collisions 
Rate of  change of  parallel heat flow as a result of  collisions 
Rate of  change of perpendicular heat flow as a result of  collisions 
Rate of  change of  13-moment heat flow as a result of  collisions 
1. INTRODUCTION 
A WIDE  variety of  plasma flow conditions can be found in all areas of  aeronomy 
and space plasma physics. For example, gentle near-equilibrium flows occur in 
co-rotating planetary ionospheres  and in the lower solar  corona, while highly 
non-equilibrated flow conditions exist in the solar and terrestrial polar winds, in 
planetary magnetospheres, and in the terrestrial F-region at high latitudes, where 
convection electric fields drive the charged particles through the neutral atmos- 
phere at speeds approaching a few kilometers per second. 
Many  of  the  highly  nonequilibrated  flows  found  in  the  solar  terrestrial 
environment  are  characterized  by  appreciable  temperature  anisotropies,  i.e. 
unequal species temperatures parallel and perpendicular to a magnetic field, with 
the degree of  the anisotropy given by the parallel to perpendicular temperature 
ratio.  For  solar  wind  protons  the  measured  temperature  anisotropy typically 
varies  between  a factor  of  2 and  4 at the  orbit of  the Earth  (BRANDT,  1970; 
HUNDHAUSEN,  1972), while  in the  terrestrial polar  wind  initial theoretical  cal- 
culations indicate that the temperature anisotropy is about a factor of  10 for 0' 
and about a factor of  20 for H+  at a distance of  eight Earth radii (HOLZER  et al., 
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the temperature anisotropies are smaller, with the parallel to perpendicular ion 
temperature ratio varying from  1 to 1/2 in both regions (CROOKER  et al., 1979; 
ST.-MAURICE  and SCHUNK,  1979). 
Understanding  the  behavior  of  both  near-equilibrium and  far-from-equili- 
brium  plasma  flows is  crucial  to our  understanding  of  the  coupling, through 
mass, momentum, and energy transfer, between the different regions within the 
solar terrestrial environment. In general, the quantitative study of  such flows is 
begun through the use of  conservation equations which describe the spatial and 
temporal evolution of the concentration, bulk flow velocity, and temperature of 
the  plasma.  To  date,  a  variety  of  conservation  equations  have  been  used, 
including the  Euler, Navier-Stokes,  and Chew-Goldberger-Low  equations.  In 
addition,  transport  equations  have  been  adopted  from  the  classical  work  of 
Chapman and Enskog. 
Most of  the conservation equations available for use in aeronomy and space 
physics  are based  on an isotropic Maxwellian velocity  distribution  function. 
Basically, the conservation equations are obtained by taking velocity moments 
of  Boltzmann’s equation. Although such a procedure may seem to be relatively 
straightforward, difficulties arise because the equation governing the moment of 
order  r  contains the moment  of  order  r+  1. Consequently,  it is necessary to 
make an assumption about the form of  the velocity distribution function, f, in 
order  to truncate  the  set of  transport  equations.  Typically, the  velocity  dis- 
tribution function is expanded in an orthogonal series about a Maxwellian weight 
factor and then the series is truncated at some level. By taking velocity moments 
of  the  resulting  approximate expression  for  f, higher-order moments  can  be 
expressed in terms of  lower-order moments, and these expressions can be used 
to  close  the  system  of  transport  equations  (e.g.  TANENBAUM,  1967; BURGERS, 
1969; SCHUNK,  1977). Although  various  levels  of  approximation  can  be  con- 
sidered,  the  most  useful  is  the  13-moment approximation.  At  this  level  of 
approximation,  stress and heat flow are put on an equal footing with density, 
drift velocity and temperature, and therefore, these moments are described by 
transport equations just as the density, drift velocity and temperature moments 
are described by continuity, momentum and energy equations respectively. 
The  13-moment system of  transport equations is fairly general and can be 
used to describe a wide range of  plasma flows. In the collision-dominated limit, 
the  13-moment system of  equations  reduces to the Euler, Navier-Stokes  and 
Burnett equations depending on whether terms proportional to the zeroth, first 
or second power of  the collisional mean-free-path are retained. At the Navier- 
Stokes approximation, transport processes such as ordinary diffusion, thermal 
diffusion, thermal  conduction, diffusion-thermal heat flow, thermoelectric heat 
flow and viscosity are included at a level of approximation that corresponds to 
either  the  first  or  second  approximation  of  CHAPMAN  and  COWLING  (19701, 
depending on the particular  transport coefficient. In the collisionless limit, the 
13-moment system of  equations reduces to the Chew-Goldberger-Low  (CGL) 
and extended  CGL equations depending on whether terms proportional to the 
zeroth or first power of  the Larmor radius are retained. The 13-moment system 
of  transport  equations also  accounts  for  collisionless heat  flow, collisionless 
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With regard to anisotropic plasmas, the 13-moment transport equations have 
limited applicability because they cannot be used to describe plasma flows that 
are  characterized  by  large  temperature  anisotropies.  In the  13-moment for- 
mulation the temperature  anisotropy enters through  the  stress  and  heat  flow 
terms, which act to modify the zeroth-order isotropic Maxwellian distribution. 
The restriction to a small temperature anisotropy results from the fact that only 
small deviations from the Maxwellian are allowed, i.e. small stress and heat flow 
terms. 
The flow of  an anisotropic plasma is better described by transport equations 
that  are  based  on a  two-temperature  or bi-Maxwellian velocity  distribution 
function.  This is  shown schematically in Fig.  1.  The procedure  for obtaining 
these transport equations is similar to that discussed earlier for the Maxwellian, 
except that the transport  equations  are closed by  expanding the velocity dis- 
tribution function in  an orthogonal  series about an anisotropic bi-Maxwellian 
weight factor instead of  an isotropic Maxwellian. This change produces trans- 
port equations that can describe highly anisotropic plasma flows. Also, it should 
be  noted  that  the  terms  in  the  orthogonal  series provide  corrections  to  the 
zeroth-order  bi-Maxwellian weight factor so that, depending on the flow con- 
ditions, the shape of  the velocity distribution can depart significantly from the 
ellipses shown in Fig.  1 that characterize the bi-Maxwellian weight factor. For 
example,  BARAKAT  and  SCHUNK  (1982)  have  shown  that  the  bi-Maxwellian 
expansion discussed in this review can describe a distribution function whose 
velocity contours are roughly egg-shaped and whose peak does not coincide with 
the average drift velocity point. This latter result is relevant to the solar wind, 
since the proton velocity distribution in the solar wind takes .such a shape near 
the Earth’s orbit. 
A significant effort has been devoted to developing transport equations that 
are based  on an  isotropic  Maxwellian distribution function  (e.g.  TANENBAUM, 
1967; BURGERS,  1969); in comparison, much less effort has been directed toward 
developing transport equations that are based  on a bi-Maxwellian distribution 
function. CHEW  et al. (1956) were the first to derive transport equations based on 
a bi-Maxwellian distribution function for application to collisionless anisotropic 
plasmas.  In  this  now  famous  study, corrections  to the  zeroth-order  bi-Max- 
FIG.  1.-Schematic  illustration of  a  drifting  bi-Maxwellian  velocity  distribution.  The 
solid lines represent contours of  constant f in the  U,  -  U,  plane, with the peak of  the 
distribution centered  at the drift velocity  point. For the case shown, the temperature 
along the U,-axis  is greater than the temperature perpendicular to this axis. Transport equations for multicomponent anisotropic space plasmas  393 
wellian distribution function due to heat flow were neglected and the resulting 
transport equations for the species temperatures parallel and perpendicular  to 
the magnetic field were termed  ‘double-adiabatic’ energy equations.  Since this 
initial  study,  several  authors  (KENNEL  and  GREEN,  1966;  MACMAHON,  1965; 
FRIEMAN  et  al.  1966; BOWERS  and  HAINS,  1968; ORAEVSKII  et  al.,  1968) have 
extended the work of  CHEW  et al. (1956) by deriving transport equations for a 
collisionless  anisotropic plasma  including transport  phenomena  such  as  col- 
lisionless ‘viscosity’ and heat flow. More recently, transport equations that are 
based on a bi-Maxwellian distribution function have been derived for an aniso- 
tropic  plasma  of  arbitrary  degree  of  ionization  (CHODURA  and  POHL,  1971; 
DEMARS  and SCHUNK,  1979; BARAKAT  and SCHUNK,  1981). 
The purpose of  this review is to present a unified approach to the study of 
transport  phenomena  in  multicomponent anisotropic  space plasmas.  In parti- 
cular,  a  system  of  generalized  transport  equations  is  presented  that  can  be 
applied to a highly anisotropic plasma  of  arbitrary degree of  ionization. This 
system of  generalized transport equations is shown to reduce to the 13-moment 
system  of  transport  equations  in  the limit of  small temperature anisotropies. 
Also, the system of  generalized transport equations is shown to contain all of  the 
other major  systems of  transport equations for anisotropic plasmas that have 
been derived to date. 
In this  review  we  do  not  discuss  plasma  instabilities  and  wave  particle 
interactions.  Although  these  processes  undoubtedly  affect  certain  transport 
properties in, e.g.  the aurora and the solar wind, they  are difficult to include 
mathematically in a rigorous way. The difficulty with wave-particle  interactions 
is that accurate expressions for the “collision” cross sections are not available. 
However, from classical collision theory we know that accurate collision cross 
sections are  needed  to  correctly  describe transport  process  such  as thermal 
diffusion and thermoelectric transport. For example, thermal diffusion does not 
occur for elastic ion-neutral interactions,  but  is important for Coulomb inter- 
actions.  A further difficulty with wave-particle  interactions  is  the inability to 
obtain reliable  approximations  for  the  species  velocity  distribution  functions 
when these interactions are included. This, in turn, makes it difficult to close the 
general system of  transport equations. 
2. GENERAL TRANSPORT EQUATIONS 
In dealing with gas mixtures it is convenient to describe each species in the 
mixture by a separate velocity distribution function, f,(r, v,, t),  The distribution 
function is defined such that f,(r, v,,  t)  drdv,  represents the number of  particles 
of  species  s which at time t have positions between r and r +  dr and velocities 
between v,  and v, +  dv,.  Alternatively, f, can be viewed as a probability density 
in  the  r, v,  phase  space.  The  evolution  in  time  of  the  species  distribution 
function is determined by the net effect of  collisions and the flow in phase space 
of  particles under the influence of  external forces. The mathematical description 
of  this evolution is given by the well known Boltzmann equation 
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where  e,  and m,  are the charge and mass of  species s, E  is the electric field, B is 
the  magnetic field,  c  is  the  speed  of  light,  d/dt is  the  time  derivative,  V is 
coordinate space gradient, and VvS  is the velocity space gradient. 
The quantity 8fJst in Boltzmann’s equation represents the rate of  change of 
f,  in  a given region  of  phase  space  as  a  result  of  collisions.  For  collisions 
governed  by inverse power potentials and for resonant  charge exchange  col- 
lisions, the appropriate expression for 8fS/8t  is the Boltzmann collision integral 
which is given by 
where dv, is the velocity-space  volume element of  species  t, g,,  is the relative 
velocity of  the colliding particles  s and t, ost(g,,,  8) is the differential scattering 
cross-section, dfl is the element of  solid angle in the s particle reference frame, 
8 is  the  scattering  angle, and  the  primes  denote quantities  evaluated  after a 
collision. 
Although  it  would  be  nice  to  know  the  individual  velocity  distribution 
functions of  the different species, the mathematical difficulties associated with 
obtaining closed-form solutions to Boltzmann’s equation precludes this approach 
for  most  flow  situations.  As  a  consequence,  one  is  generally  restricted  to 
obtaining information on a limited number of  low-order velocity moments of  the 
species distribution function. 
BURGERS  (1969, p.  14)  proposed  that  the  transport  properties  of  a  given 
species be defined with respect to the average drift velocity of  that species. In 
terms of  the species average drift velocity U,, the random or thermal velocity is 
defined as 
CS =  v, -U,  (3) 
and the physically significant moments of  the species distribution function are 
given by 
U, = (v,)  species drift velocity 
T,ll =  (m,/k)(cfll)  parallel temperature 
q! = n,m,(c:~~c,)  heat flow vector for parallel energy 
q:  = (1/2)n,m,(cfLc,)  heat flow vector for perpendicular energy 
P, = n,m,(c,c,)  pressure tensor 
7, = P, -  pslI -  (p,ll-  psl)e3e3 stress tensor 
p! = n,m,(c~llc,c,)  higher  order  pressure  tensor  related  to  parallel 
energy 
p: = n,m,(cf,c,c,)  higher  order  pressure  tensor  related  to  per- 
pendicular energy 
Q, = n,m,(c,c,c,)  heat flow tensor 
R,  = n,m,(c,c,c,c,)  higher-order pressure tensor 
T,, =  (mS/2k)(c5,) perpendicular temperature 
where  p,ll  = n,kT,ll,  p,, = n,kT,,,  n, is  the  number  density  of  species  s,  k  is Transport equations for multicomponent anisotropic space plasmas  395 
Boltzmann’s  constant,  I =  elel  +  e2e2  +  e3e3 is  the  unit  dyadic,  (el,  e2, e3) is  an 
orthogonal set of  unit vectors with e3  aligned along the direction of  the magnetic 
field, and the angle brackets denote the average 
(A) =  dvfsA 
n,  (4) 
The symbols  11  and I  are used  to denote components of  vectors parallel and 
perpendicular to the magnetic field, respectively, as well as to identify quantities 
related  to parallel and perpendicular  thermal energy. In general subscripts are 
used, but for quantities such as q!,  q;,  p! and  superscripts are used to relate 
them  to the parallel and perpendicular  thermal  energies, while  subscripts  are 
used to define components parallel and perpendicular to the magnetic field. 
The quantities psll, psl, q!,  qf, p! and pf  can be expressed as contracted forms 
of  the higher-order tensors P,,  Q, and R,  as follows 
(7)  s! = Q,  :  e3e3 
(9)  d = R,  :  e3e3 
p: = R,  :  (I -  e3e3)  (10) 
The starting point for the derivation of  transport equations for gas mixtures 
is Boltzmann’s equation (1). The transport equations are obtained by multiplying 
Boltzmann’s equation by an appropriate function of  velocity, and then integrat- 
ing over velocity space. The resulting transport  equations  describe the spatial 
and temporal behavior of  the physically significant moments of  the distribution 
function such as species concentration, drift velocity, parallel and perpendicular 
temperature, stress tensor and parallel and perpendicular heat flow. 
If  we  multiply equation (1) by  m,,  m,c,, m,cf~l,  mscSl/2, mscscs,  m,cfl~c,  and 
m,~~~c~/2  and integrate over velocity space we obtain the continuity, momentum, 
parallel  energy, perpendicular  energy, pressure  tensor, parallel heat  flow  and 
perpendicular heat flow equations, respectively, for species s.  The stress tensor 
equation is  obtained by subtracting e3e3  times the parallel energy equation and 
(I -  e3e3) times  the  perpendicular  energy  equation  from  the  pressure  tensor 
equation. The resulting system of  transport equations is given by 
Continuity 
~+V.(p,u,)=O  at 396 
Momentum 
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Parallel energy 
SE,  D 
-  7,  :  -(e3e3)  Dt  -  Q,  i V(e3e3)  = 1.  St 
Perpendicular energy 
x [  7,  :  +e3e3)  D  +  Q,  i v(e3e3)]  = -  67,  Dt  St * 
Parallel heat flow 
+  2[Qs  Vu,] :e3e3  +  q!V  *  us  +  q!  Vu, +  V  -  c(!  Dt 
+ [  DsUs -  “(E  +  ius  X B)] .  [pS$  +  2e3e3 (p$  +  T,)]  Dt  m, 
D  Sli  + a,  x q! -  Q, :  s(e3e3) -  R,  i V(e3e3)  = -  Dt  St 
Perpendicular heat flow 
Dsq:  1  -  + [Q,  * Vu,]:(I-e3e3)+q:V  U, +q:  - Vu, +-V  Dt  2 Transport equations for multicomponent anisotropic space plasmas  397 
(17)  1D 1  8s:  + as  X ,q:  + 3,  :  &(e3e3) +  -R,  :  V(e3e3)  = -  2  6t 
where (D,/Dt) = (slat) +  U,  V is the convective derivative, ps = nsms is the mass 
density, 42, = (e,/m,c)B  is the cyclotron frequency, and the single, double, and 
triple dot products are defined, for example, as 
and where a,  P and y are coordinate indices (CHAPMAN  and COWLING,  1970). The 
parallel and perpendicular  components of  a vector A are defined by All  =  e3e3.  A 
and  AL = (I -e3e3)  *  A,  respectively.  A  superscript  T  on  a  tensor  means  the 
elements of  the tensor should be transposed. 
The quantities on the right-hand sides of  equations (12) to (17) correspond to 
the  velocity  moments  of  the  Boltzmann  collision  integral  (2)  and  describe, 
respectively,  the  rate  of  change  of  momentum,  parallel  and  perpendicular 
energy, stress, and parallel and perpendicular heat flow as a result of  collisions; 
these quantities will be discussed in detail in Section 4. 
3. THE S  IXT  E EN-M 0  MEN  T APPRO  XI  M  AT1 0  N 
The system of  transport equations given in Section 2 does not constitute a 
closed  set, since the  equation governing the  moment  of  order  1 contains the 
moment of  order 1 + 1. In order to close the system of  transport equations, it is 
necessary  to  adopt  an  approximate  expression  for  the  species  distribution 
function.  Our approximation  expression is  based  on a bi-Maxwellian or two- 
temperature species distribution function and takes the form 
where the zeroth-order bi-Maxwellian distribution is given by 
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In equations (19) and (201, psll = m,/(kT,il)  and pSl  = m,/(kT,,). 
By taking the appropriate velocity moments of  (18), it is easy to verify that 
this  distribution  function  correctly  accounts  for  the  density,  drift  velocity, 
parallel  and  perpendicular  temperatures,  stress  tensor  and  parallel  and  per- 
pendicular heat flow moments. By taking the higher-order velocity moments of 
equation  (18)  it  is  possible  to  express  these  moments  in  terms  of  the  16 
lower-order moments 
where we have temporarily introduced index notation into (22). From equations 
(21)-(24)  we can readily obtain the terms needed to close the system of  moment 
equations. 
V  Q, =  Vllq! +  (V,Iq!>' +  e3e3V  * (q! -  2q!ll)  +  $vl(q:  +  q$ 
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Q, :s(e3e3)  D  = 2[  * %  +  e3  qi-1 
Dt  Dt 
-  24r,  :  ve3e3  +  T,v  :  e3e3> 
Ps 
2 
Ps 
R,  1 V(e3e3)  =  -[P, :  (Ve3)e3 P, +  P,  *  (ve3)e3  :  P,  +  P,  :  e3(Ve3) P, 
-  T,  :  (Ve3)e3  -  T~  -  T,  (Ve3)e3 :  T~  -  T, :  e3(V3)  *  7,l.  (32) 
Equations  (11)-(17)  and  the  closing  terms  given  by  equations  (25)-(32) 
constitute, together with Maxwell's  equations, a set of  closed transport equa- 
tions that can be applied to a wide range of  plasma flow conditions. 
4.  COLLISION TERMS 
Unfortunately, at present there are no general expressions for the collision 
terms for the  16-moment approximation; namely, collision terms that are valid 
€or arbitrary  collision cross  section, arbitrary relative  drift  between  different 
species,  arbitrary  parallel-to-perpendicular  temperature  ratio,  and  arbitrary 
difference between species temperatures. In this section we will present collision 
terms appropriate for some special cases. 
4.1  Maxwell molecule interactions 
For the special case of Maxwell molecule interactions, where the interaction 
force  varies  inversely  as the  fifth power  of  the  particle  separation,  collision 
terms  can  be  derived  without  assuming  a  specific form  for  the  species dis- 
tribution €unctions. The collisions terms in dyadic notation are given by DEMARS 
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+(U, -U,)[\ [  H$'P, + H'4'hP  Sf 
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L  J 
where 
and  where  A,(5), A2(5) and  vst are  defined  by  equations  (52) and  (53). The 
quantities H$  to H',:O' become pure numbers once the identity of  the colliding 
particles is specified; they are given by DEMARS  and SCHUNK  (1979) and are not 
repeated here. 
Equations (33)-(38)  show some important features of  the collision terms. The 
rate of  change of  momentum due to collisions is proportional to the relative drift 
velocity of the interacting species. The rate of  change of  parallel energy due to 
collision is proportional to the difference between the parallel temperatures, the 
square of  the relative  drift  velocity of  the interacting species, as well  as the 
difference between parallel and perpendicular temperatures for the same species. 
The collision term  6Esl/6t has  similar form  to  6Es11/6t but  it  depends  on the 
difference between the perpendicular temperatures rather than the parallel ones 
and the term  due to  the anisotropy (ql-  g1) has  an opposite  sign because  it 
represents the cnergy transfer between the parallel and perpendicular directions. 
4.2  General inverse-power interactions 
For interparticle forces other  than the inverse fifth-power force discussed 
above, it is necessary to assume an approximate expression for the distribution 
function in order to be able to evaluate collision terms. Adopting the 16-moment 
approximation  given  by  equation  (18),  DEMARS  and  SCHUNK  (1979)  derived 
expressions for the collision terms which are valid for a general inverse-power 
force, an  arbitrary  difference between  species  temperatures  and  an arbitrary 
difference between  parallel and perpendicular  temperatures  for the same spe- 
cies. However, they assumed small relative drift  velocity, small stress tensor, 
and small heat flow  and kept only linear terms in these quantities. These are 402 
known as "quasilinear collision terms"  and given by 
A. R. BARAKAT  and R.  W. SCHUNK Transport equations for multicomponent  anisotropic space plasmas  403 
(48) 
where r(x) is a gamma function, a is the power of  the particle separation (r)  in 
the interaction force law 
Pt 
Kst  Force = 7  r  (49) 
and where n is related to a by the equation 
ql  and al  are given by equations (39) and (40) and the quantities  mo,  vsf,  A,(a) 
and ILMN  are defined as 
mo  = m, + m,  (51) 
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ILMN =  dx,Im  dxZlm  dx3  exp [ -  (x:  +  x:  +-&)I  U1 1 
-w  -w  -m  all 
where K,, is constant, ,y  is the scattering angle,  2ro  is the nondimensional impact 
parameter (CHAPMAN  and COWLING,  1970), and pst  is the reduced mass 
"t 
Pst  = -  m, + m,'  (55) 
The values of  the R's and S's are given by DEMARS  and SCHUNK,  (1979). They 
also  give  the  values  of  the  1's  for  general  n  and  for  Maxwell  molecule 
interactions  (a  =  5, n =  0), hard  sphere interactions (a  =  03,  n = -  I),  while the 
case  of  Coulomb  interactions  (a  =2, n =3) is  given  by  CHODURA  and  POHL 
(1971). These values will not be repeated here. 
For  the  special  case  of  Maxwell  molecule  interactions  (a =  5)  equations 
(43)-(48)  agree with the general Maxwell molecule collision terms (33)-(38)  up to 
the linear terms in the drift velocity, stress and heat flow. 
4.3 Resonant charge exchange interactions 
The  quasilinear  collision terms  for resonant  charge  exchange interactions 
were derived by DEMARS  and SCHUNK,  (1979). They are  similar in form to the 
collision terms for the general inverse power interactions given in the previous 
subsection and they will not be repeated here. 
4.4 Bi-Maxwellian distribution functions 
Completely general collision terms have been calculated only for the special 
case of  interpenetrating bi-Maxwellian gases, with the species distriution func- 
tions  given  by  equation  (19).  The  collision  terms  for  arbitrary  temperature 
anisotropy,  arbitrary  drift  velocities,  arbitrary  difference  between  the  tem- 
peratures  of  different  species, and  general  inverse  power  interaction can  be 
expressed in the convenient form (BARAKAT  and SCHUNK,  1981) 
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where  v,, was defined in equation (52) and 
A=us-ut  (59) 
In the above 4,  n,(n),  and l12(n) are dimensionless functions of  the relative drift 
velocity. Their definitions are given by  BARAKAT  and SCHUNK,  (1981) and not 
repeated here. Also, 
all = (-+-)  2  2  ”2 
PSI1  Ptll 
1  /2 
al=(-”+-”)  PSl  PtI  . 
If  the relative drift is much smaller than the average thermal speed, i.e. D 4  1 
where 
the quantities given above reduce to 
In the opposite limit, when the relative drift is much greater than the average 406  A. R. BARAKAT  and R. W.  SCHUNK 
thermal speed (D  S 1) the relevant quantities reduce to 
Also, approximate expressions were derived for arbitrary Mach number by 
combining the  asymptotes  at small and  large  relative  drifts. However,  these 
expressions are restricted to the special cases when the relative drift velocity is 
either parallel or perpendicular to the magnetic field. 
In the case of  parallel drift the proper expressions are 
while in the case of  perpendicular drift the proper expressions are 
where the  CY'S and  p's are constants, depending only on the interparticle force 
law index n. They were chosen to minimize the relative error in the expressions. 
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shown in Tables (1) and (2) for the Coulomb and hard sphere interactions. The 
accuracy of  these approximate expressions for a hard sphere interaction is much 
better than that obtained for a Coulomb interaction. Moreover, the accuracy gets 
better as the isotropic case is approached and as D becomes much greater, or 
much less, than unity. 
For higher accuracy, the appropriate coefficients were evaluated numerically 
to  within  1%  error  and  presented  in  tables  (BARAKAT  and  SCHUNK,  1981); 
these results will not be repeated here. 
5. SIMPLIFIED  SETS  OF TRANSPORT  EQUATIONS 
Several sets of  simplified transport equations for anisotropic plasmas have 
been derived during the last two decades. In this section we show how all of  the 
important  sets  of  simplified  transport  equations  can  be  obtained  from  the 
generalized  transport  equations given in  Section 3.  First,  we  show ttst  the 
generalized transport equations reduce to Grad’s  13-moment transport equations 
in  the  limit  of  small  temperature  anisotropies.  Next,  we  present  a  set  of 
simplified transport equations that is based on a finite Larmor radius expansion of 
the generalized transport equations. Within the finite Larmor radius approximation, 
previous  authors have made  several additional assumptions, and the resulting 
transport equations are derived and discussed. We also study the effect of  collisions 
on the transport equations for an anisotropic plasma, and we  present  a set of 
simplified transport equations for a hybrid case where the collisional mean-free- 
path is the small parameter in the magnetic field direction, while perpendicular to 
the magnetic field the Larmor radius is the small parameter. 
TABLE  1 .-OPTIMUM  VALUES FOR a AND p 
Coulomb interaction  Hard sphere interaction 
Parallel drift  Perpendicular drift  Parallel drift  Perpendicular drift 
I  ar  PI  ffl  PI 
1  -  1.0  -  1.051  2.0  2.0 
2  -  6.0  -  1.07  0.58  2.0 
3  -  1.07  -  2.35  2.08  0.62 
TABLE  2.-MAXIMUM  PERCENTAGE ERROR OF THE APPROXIMATE EXPRESSIONS GIVEN IN EQUATIONS 
(74)-(8  1  ) 
Coulomb interaction  Hard sphere interaction 
Parallel drift 
9.5  35.7  108  2.1  9.6  26 
Perpendicular drift 
$33  10.0  32.5  73.5  1.3  2.0  2.4 
a2  7.7  62.6  109  0.2  3.1  6.3  a, 
$1  I  8.4  19.6  55.1  1.4  1.7  1.9 
8.0  25.9  95.8  1.5  3.0  3.9  a,  a2  0.7  6.6  12.5  0.9  3.6  7.8 408  A. R.  BARAKAT  and R.  W.  SCHUNK 
It should be noted that many plasma flows may be adequately modelled with 
a  set of  simplified transport equations. Therefore,  in what  follows  we  have 
outlined the derivation of  the sets of  simplified transport equations so that the 
intrinsic limitations of  a given set will be more apparent. 
5.1  13-Moment approximation 
To recover Grad's  13-moment system of  transport equations from the set of 
generalized  transport  equations given in Section 3,  we must assume that the 
species temperature (or pressure) anisotropy is small and we must take account 
of  the fact that  the  heat flow  vectors  for parallel  and perpendicular  thermal 
energy become linearly dependent in the 13-moment approximation, 
(83) 
2 
5 
q! = -0  +  2e3e3) q: 
(84) 
2 
5 
q:  =  -(21-  e3e3)  -  q: 
where  the  primes  indicate  quantities  corresponding  to  the  13-moment  ap- 
proximation. 
Substituting equations (83) and (84)  into the 16-moment distribution function 
given  by  equations  (18)-(20),  expanding  the  distribution  function  using  the 
inequality (82), and retaining only linear terms in T,,  q:  and (p,l~  -  psL)  we recover 
the  13-moment approximation  for the  species distribution  function,  which  is 
given by 
and where Ti = 1/3(  T,II  +  2Ts,),  p: = n,kT:  and 
As  expected,  by  using  the  same  set  of  assumptions  together  with  the 
16-moment transport  equations  (11)-(17),  (25)-(32),  we  can  recover  the  13- 
moment transport equations given by 
33  +  v  *  (&U,)  = 0 
at  (89) Transport equations for multicomponent anisotropic space plasmas  409 
St 
Dt 
SM: SE:  ST:  where the collision terms -  -  -  and sg: are given by SCHUNK  (1977).  St ’ St ’ St  St 
Since Grad’s 13-moment transport equations correspond to a special case of 
the more general 16-moment transport equations, the latter equations are capable 
of  describing all of  the transport effects that the  13-moment equations can, as 
outlined in the introduction. 
5.2 Larmor radius expansion 
In this subsection we consider a collisionless plasma immersed in a magnetic 
field which is strong enough to make the Larmor radius (aL),  much smaller than 
the other characteristic lengths  of  the problem,  namely (aL),  Q L,  u,T, (t&T 
where L and T are the scale length and scale time, respectively, and U, and (I)& 
are the coherent  and  thermal  speeds, respectively.  With this  assumption  the 
transport equations simplify radically and we get a closed set of  equations which 
consists  of  Maxwell  equations  in  addition  to  the  following set  of  transport 
equations 
43  +  v a  (p,u,) =  0  (94)  at 410  A. R.  BARAKAT  and R.  W. SCHUNK 
+  psl(v  us +  V,  - us)  +  T,:V~, -  [Ts VU, -  (vu,)  Ts]:e3e3  Dt 
+V qf + qlJe3:Ve3+  q$iV  e3  =  o  (97) 
2 
Ps 
-  -[P,IIP, +  2P,  e3e3 P,]:Ve3 = 0 Transport equations for multicomponent anisotropic space plasmas  41 1 
4f1= n,  -1 [  2PS'%(  a  psl  ps )  +  c2si,:vus] 
where uE  = c(E X B/B2) is the E  X B drift velocity, and we used the relation 
(  109)  --  Dse3  -  (I -  e3e3)e3:vus 
Dt 
which is correct to the zeroth order, to get the above equations in that form. 
These equations are accurate up to first order terms. Although we treated q!il 
and  as zeroth order terms, in practice they ought to be small enough so that 
they do not invalidate the more general 16-moment approximation. 
Equations (94-97)  and (100-108)  are similar to those derived by MACMAHON 
(1965) when  a bi-Maxwellian zeroth order  distribution function is adopted to 
evaluate his expressions. However, there is a factor of  2 error in his equations for 
In the following paragraphs, some special cases will  be studied. For  each 
case  a  set  of  assumptions  will  be  needed  in  addition  to  the  general  ones 
(collisionless plasma and small Larmor  radius) stated in  the beginning of  this 
subsection. These assumptions will  be  stated and the above equations  will be 
expanded accordingly. 
dl  and  d2. 
Expansion I. The extra assumption needed for this case is that 
That is  to  say, the periodic time  of  oscillations is  much less  than  all charac- 
teristic times, except for the gyration period (2?r/S1,). 
The  simplified  closed  set  of  equations  is  Maxwell  equations,  equations 
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In the above equations  (110)-(119)  we  retained  only the greatest non zero 
term in the small quantities q!,  q:  and  T~.  These equations are consistent with 
those found by ORAEVSKII,  CHODURA  and POHL,  (1968). However, the latter had a 
missing ps in the equations for (q!a and qi)  and an opposite sign for T~. 
Expansion 11. The extra set of  assumptions needed in this case is 
where  E = ((aL)JL1)  is the smallness parameter, and Lll  and Ll  are the parallel 
and perpendicular scale lengths respectively. 
The proper closed set of  equations is Maxwell equations, equations (94-97), 
(loo), (123) and Transport equations for multicomponent anisotropic space plasmas  413 
4s1---  It  -  -Ps1  8  (m) 
as  8x2  Ps 
Equations  (124)-( 130) are consistent  with  the  relations  derived  by SRIVAS- 
TAVA and BHATNAGAR  (1975). However, they used a different set of  coordinates 
whose x3 axis makes a small angle (8  Q 1) with the magnetic field. The assump- 
tion of  zero  parallel  components  of  the  heat flow vectors restricts,  to a large 
extent, the usefulness of  these equations in practical problems. 
Expansion 111. If  we kept only zeroth order terms, in addition to the small 
Larmor radius  and  collisionless  plasma  assumptions,  equations  (13) and  (14) 
reduce to 
which are similar to the results given by CHAPMAN  and COWLING  (1970). 
Moreover,  if  we  apply  the  same  assumptions  to  the  closed  16-moment 
transport equations, they may be reduced to 
Equations  (133)-( 136), in  addition  to  Maxwell’s  equations,  the  continuity 414  A. R.  BARAKAT  and R. W.  SCHUNK 
equation (94), and 
ExB 
us1 = c-p- 
are similar to the equations given by WHANG  (1971), except for an algebraic error in 
his calculations. 
Expansion IV. If, in  addition to the small Larmor radius  and  collisionless 
plasma  assumptions,  we  neglect  the  heat  flow  tensor,  we  get  the  following 
relations, which are accurate to the zeroth order, 
These are the ‘double adiabatic’ energy equations of  CHEW,  et al. (1956). In this 
case  the  proper  closed  set  of  equations  consists  of  Maxwell’s  equations in 
addition to equations (94), and (137)-(140). 
5.3 Influence of  collisions 
To study the effect of  collisions we consider the transport equations for ions 
in a binary ion-electron plasma in which ion-ion  collisions dominate the collision 
terms.  Specifically, we  assume  that  the  ion-ion  collision frequency  is  much 
greater than all characteristic frequencies other than the gyration frequency (i.e. 
vjj  %- 1/T, UJL %-  vie). 
According to these  assumptions, it  is  possible  to prove  that the relations 
(82)-(84)  are satisfied for ions. Therefore, the transport equations reduce to the 
13-moment  approximation  mentioned  in  Subsection  4.1.  Keeping  only  the 
greatest non-zero terms in the first order quantities (T;, q;)  we get the following 
set of  transport equations for the ions 
~+v.(,ui)=o  at 
Diuj  pj--+\7pi+V*~j--njej  Dt 
D.  5  2  2 
Dt  3  3 
-(pi)  +  -pip  a  Uj) +  -v  * qi +  @Uj  = 0  (143) Transport equations for multicomponent anisotropic space plasmas  415 
where the subscript i indicates quantities related to ions and where 
In the above equations, the primes  on the  13-moment transport quantities 
have been dropped for convenience. In the subsections that follow we consider 
the special cases when vii is much less and much greater than 0, 
Collision  dominant  case. In addition  to  the  assumptions  needed  for  the 
general case discussed above (vii 9 1/T, wjL9 vie),  we need to assume that the 
ion-ion  collision frequency is much greater than the ion gyro-frequency (vii  9 
Qi).  In this case equations (144)-(150) reduce to 
As  expected,  the  influence of  the  magnetic  field  disappears  because  rapid 
collisions  prevent  the  ions  from  gyrating.  These  results  correspond  to  the 
Navier-Stokes  equations (SCHUNK,  1977) and to what CHAPMAN  and COWLING  call 
the “first approximation” to the transport equations. 
The hybrid  case. Assuming that 0i  9 vii in addition to the general assump- 416  A. R. BARAKAT  and R. W. SCHUNK 
tions  (vii *  1/T, u,lL  s-  vie),  leads  to  the  following  simplification of  equations 
(w-(  150) 
(7.) =-- w23 
ai 
i 31  (157) 
where Was  was defined by equation (151). 
The off-diagonal terms of  q,  as well as the transverse component of  the heat 
flow vector, are inhibited by the strong magnetic field. On the other hand, the 
diagonal terms  of  and  the  longitudinal component of  qi are  controlled  by 
collisions, since  the  former  corresponds  to  the  pressure  anisotropy, which is 
opposed by collisions, while the longitudinal component of  qi cannot be inhibited 
by the magnetic field because it cannot exert a force parallel to itself. 
These  results  are  similar  to  those  derived  by  MIKHAILOVSKII  and  TSYPIN 
(1971). However, there are extra terms in their work for two reasons. First, they 
used  an expansion which is quantitatively  more  accurate than the  13-moment 
expansion.  This  difference  amounts  to  about  a  20%  correction  and  can  be 
compensated for by  modifying the numerical  value  of  vii. Second, they  kept 
higher-order terms in qi and T~.  These terms may be restored by keeping terms of 
the order of  vdn, v,la?  compared to 1 and by keeping terms proportional to  q 
and qi. 
6. SUMMARY 
We  have  presented  a closed  system of  transport  equations for multicom- 
ponent anisotropic space plasmas.  These general transport equations off er the 
opportunity to take a unified approach to the study of  widely different plasma 
flow  situations.  This  system  of  transport  equations  can  be  applied  to  both 
collision-dominated and collisionless flows and provides a continuous transition 
between the two regimes; it can be applied to subsonic, transonic, and  super- 
sonic flows  and  provides  a continuous transition between the regimes; it  can 
describe multicomponent plasmas  with large temperature  differences between 
the interacting species; it can describe plasmas that contain large temperature 
anisotropies;  it  can  describe plasma  flows  in  rapidly  changing magnetic field 
configurations;  and  account  is  taken  of  Coulomb,  nonresonant  ion-neutral, 
neutral-neutral,  and  resonant  charge  exchange  interactions.  Furthermore,  if Transport equations for multicomponent anisotropic space plasmas  411 
Maxwell's  equations of  electricity  and magnetism are added to the system of 
transport equations, it can be used to describe electrostatic shocks, double layers, 
and magnetic merging processes. 
This system  of  generalized transport  equations is based  on an anisotropic 
bi-Maxwellian velocity distribution  function and corresponds to  a  16-moment 
approximation.  The  system  of  equations  contains  a  continuity  equation,  a 
momentum equation, parallel and perpendicular energy equations, a stress tensor 
equation,  and  heat flow  equations for the  flow  of  parallel and perpendicular 
energy for each species in the plasma. 
The system of  generalized transport equations reduces to Grad's  13-moment 
system of  transport equations in the limit of  small temperature anisotropies. If 
this latter system is ordered with respect to the collisional mean-free-path, the 
result is the Euler, Navier-Stokes,  and Burnett equations depending on whether 
terms proportional to the zeroth, first, or second power of  the mean-free-path 
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FIG. 2.-Flow  diagram showing the procedure for obtaining transport equations that are 
based on a bi-Maxwellian velocity distribution. Also shown are the assumptions needed 
to arrive at various sets of  simplified transport equations. 418  A.  R. BARAKAT  and R. W. SCHUNK 
are retained. At the Navier-Stokes  approximation, transport processes such as 
ordinary diffusion, thermal diffusion, thermal conduction, diffusion-thermal heat 
flow,  thermoelectric heat  flow,  and  viscosity  are  included  at a  level  of  ap- 
proximation  that  corresponds to  either the  first  or  second  approximation  of 
CHAPMAN  and COWLING  (1970), depending on the particular transport coefficient. 
Also, if  the plasma is treated as a single fluid and if  Maxwell’s equations are 
included, the system of  generalized transport equations reduces to the familiar 
magnetohydrodynamic equations. 
In the  limit  of  a collisionless plasma, the  system  of  generalized transport 
equations  is  equivalent  to  the  level  of  approximation  usually  considered  in 
kinetic  models.  These  collisionless transport  equations include the  effects  of 
collisionless  heat  flow,  collisionless  viscosity,  and  temperature  anisotropies. 
They  also  contain  terms  which  act to  regulate  both  the  heat  flow  and  tem- 
perature anisotropy (SCHUNK  and WATKINS,  1979, 1981), processes which appear 
to be operating in the solar wind. Finally, it should be noted that the system of 
generalized  transport  equations  reduces to all  of  the other  major  systems of 
transport equations for anisotropic plasmas that have been derived to date. The 
assumptions needed to derive these other sets of  simplified transport equations 
are summarized in Fig. 2. 
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